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Abstract 

We investigate heterotic string theory on special holonomy manifolds including excep- 
tional holonomy G2 and Spin(7) manifolds. The gauge symmetry is F4 in a G2 manifold 
compactification, and so (9) in a Spin{7) manifold compactification. We also study the 
cascade of the holonomies: so(8) D Spin{J) D G2 ^ su(3) D su(2). The differences of 
adjoining groups are described by Ising, tricritical Ising, 3-state Potts and u(l) models. 
These theories are essential for spacetime supersymmetries and gauge group enhance- 
ments. As concrete examples, we construct the modular invariant partition functions 
and analyze their massless spectra for G2 and Spin{7) orbifolds. We obtain the relation 
between topological numbers of the manifolds and multiplicities of matters in specific 
representations. 



1 Introduction 



It is a long time since the string theory attracted the attention of particle physicists as a 
candidate of the unified theory of elementary particles and their interactions. Extensive 
works have been devoted to the study of these theories, but it seems to be yet out of reach 
to gain fundamental understanding of them. 

One of the most important things is the investigation of the properties of the mani- 
folds on which the string should be compactified. Particularly the compactifications with 
minimum spacetime supersymmetries have received much attentions. From the point of 
view of the particle physics, geometrical properties of internal manifolds determine zero 
mass fields in the low energy effective theory and these manifolds play crucial roles in 
deciding the phenomenological features of the string theories. 

If we require only one spacetime supersymmetry, we need only one covariantly con- 
stant spinor for a fixed chirality and this leads to the manifolds with minimal numbers 
of covariantly constant spinors. The condition of having an = 1 spacetime supersym- 
metry for heterotic string leads to 4 distinct possibilities for compactifications namely 
compactifications down to 6,4, 3, and 2 dimensions. Compactifications to 6 and 4 dimen- 
sions have been studied extensively before corresponding to K3 and a Calabi-Yau 3-fold 
respectively. The other two are special cases and correspond to compactification down 
to 3 on a 7 dimensional manifold of G2 holonomy and compactification down to 2 on 
an 8 dimensional manifold with Spin{7) holonomy. The possible existence of these two 
special cases had been known for a long time They have been investigated in the 

papers ||5|-[16| and structures of their extended chiral algebras have been clarified . The 
role the U{1) current plays in the N = 2 superconformal theories, is played by tri-critical 
Ising model in the case of G2 and Ising model in the case of Spin{7) manifolds. It is mys- 
terious that these statistical models appear unexpectedly in the cases of the exceptional 
holonomy manifolds. One might ask if these phenomena are restricted to these scattered 
exceptional manifolds. Also they yield a question that these manifolds could be related 
to the Calabi-Yau 3-folds or other special holonomy manifolds with different dimensions. 

The aim of this article is to clarify these two questions based on analyses of compactifi- 
cations of string theories. The study of spacetime = 1 heterotic strings is the subject of 
the present paper. In the context of string theories the geometries of target manifolds can 
be studied by the worldsheet techniques and conformal field theories (CFTs) are powerful 
tools in the detailed description of the dynamics. 

Motivated with these questions we intend to examine toroidal partition functions of 
the heterotic strings by means of CFT techniques. Particularly we elaborate branching 
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rules of gauge symmetries concentrating on the gauge sector of the partition function. We 
find that three 2 dimensional statistical models, "Ising" , "tricritical Ising" , "3-state Potts" 
models play important roles in connecting 3 special holonomy manifolds, ^^Spin{7)" , "G2" , 
"Cls" . At the same time spacetime gauge symmetries are respectively enhanced to S0{9), 
F4, Eq in associated heterotic cases for three manifolds. Then reductions of holonomies 
about these special manifolds are correlated to the enhancements of the spacetime gauge 
symmetries for the = 1 susy theories. By studying branching rules of characters we 
make clear that extra degrees of freedom thrown away under the holonomy reductions are 
transferred to those of gauge symmetries and absorbed into them as necessary degrees of 
freedom in their enhancements. At the level of characters of affine Lie algebras it might 
be possible that the 7 dimensional G2 manifold is related with a complex 3 dimensional 
Calabi-Yau manifold by transferring degrees of freedom of 3-state Potts model. Then a 
character of a U{1) current appears and we can obtain a state associated with a spectral 
flow operator of the CY3. It leads us to enhancement of worldsheet currents from A^ = 1 
susy to A^ = 2 susy of the CY3. 

The organization of this paper is as follows: In section 2 we will review some geo- 
metrical facts about manifolds with G2 and Spin{7) holonomies and associated conformal 
theories that we will need in the rest of the paper. We also explain relations between 
ground states of the CFT and cohomology classes of the exceptional manifolds. In section 
3 we discuss compactifications of heterotic strings on exceptional holonomy manifolds. We 
explain the gauge symmetry becomes F4 in G2 compactifications, and so(9) in Spin{7) 
compactifications. In section 4, we study compactifications on special holonomy mani- 
folds from the point of view of coset CFT of level 1 affine Lie algebras. We concentrate 
on characters in the gauge sector of the model and study their detailed branching rules. 
We propose cascades of special holonomy manifolds with different dimensions and they 
are turned out to be controlled by statistical models. In section 5 we put a review of 
concrete orbifold examples of these exceptional manifolds constructed by Joyce 0-^]. By 
combining these left- and right-moving correspondings in the heterotic strings, we obtain 
partition functions of strings compactified on G2 and Spin{7) holonomies. The resulting 
theories have spacetime A^ = 1 supersymmetries. For the G2 holonomy case, the tricriti- 
cal Ising model and SO {9) current algebra are combined so that the 3d spacetime gauge 
symmetry is enhanced to an exceptional group F4. On the other side the 2d heterotic 
string on the Spin{7) manifold have an 5*0(9) spacetime gauge symmetry. We would like 
to point out that the tricritical (or Ising) parts are essential for enhancements of space- 
time gauge symmetries in these A^ = 1 theories. Section 6 is devoted to conclusions and 
comments. In appendix, we collect several useful properties of theta functions. 
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2 Exceptional Holonomy Manifold 



2.1 G2 holonomy 

Let us consider a seven manifold M^'^^ with a G2 holonomy. The G2 structure on M'^''^ is 
given by a closed G2 invariant 3-form $. By including this operator, an extended algebra 
of sigma model on M^^-* has been constructed in the paper based on analyses in the 
large volume limit. In addition to a set of stress tensor T and its superpartner G, the 
conformal algebra contains sets of currents (-ft', $) with spins (2,3/2) and (X, M) with 
spins (2,5/2). The X is related with a dual 4-form *$ and (X, $) is a set of currents 
(T'^', G'^') oi N = 1 additional superconformal algebra. It is the conformal algebra of 
the tricritical Ising model with a Virasoro central charge 7/10. Also the theory contains 
a spectral flow operator with the dimension 7/16, in other words, the spin field of the 
statistical model. The appearance of the N = 1 minimal unitary model reflects a reduction 
of holonomy of seven manifold M*^''^ from SO (7) to G2 and we are left with the residual 
symmetry SO(7)/G2. Its central charge is given as 

7 14 _ 7 
2 ~ T ~ 10 ' 

and the correspondence has been proposed 

SO(7)/G'2 = (Tricritical Ising) . 

Also the original stress tensor T can be decomposed into a sum of two commutative 
Virasoro generators T = The statistical model is a unitary minimal model with 

central charge c = ^. There are 6 different scaling fields and the associated dimensions 
/I's are listed in table |1| 



field 


1 e e' e" a a' 


h 


1/10 3/5 3/2 3/80 7/16 



Table 1: Conformal dimensions /I's of scaling fields in the tricritical Ising model. 

The tricritical Ising model is also one of the relevant theories endowed with super- 
symmetry. The Neveu-Schwartz sector of the theory contains the fields 1, e, e', e". In 
terms of superconformal representations, e" is a descendant of the identity 1 and e and e' 
are superpartners of each other. The fusion algebra of these 4 fields closes on itself. On 
the other hand the Ramond sector contains the spin fields a and a'. We show the fields 
assignments in both sectors in table |[ 
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h 


field (—1)^ sector 


[0, 3/2] 
[1/10,3/5] 
3/80 
7/16 


[1,6"] [(+),(-)] NS 
[e,e'] [(-),(+)] NS 
a (±) R 
a' (±) R 



Table 2: Classification of scaling fields in = 1 SCFT. The tricritical Ising model can 
be interpreted as an iV = 1 susy model in the minimal unitary series. 



Here we put the Z2 assignments for the tricritical Ising model according to the paper 
In this assignment (—1)'^ = (—1)'^^ and one can use tricritical gradings for the whole 
theory. The Ramond ground states are coming in pairs and the ± sign reflects this 
degeneracy and we put two different (—1)'^ assignments in i?-sectors. 

Next we will classify the highest weight representations of the algebra by using a set of 
highest weights (/i'^', /i^) of {T^^,T^). These two Virasoro generators are commutative 
and the tricritical Ising part leads to unitary highest weight representations of the ex- 
tended chiral algebra. Ramond vacua have dimension in this model and are classifled 
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as 



R; 



16' 



3 2 

80' 5 



The operator corresponding to the ground state | ^, O) = |cr', 0) plays the role of a spectral 
flow operator. By using fusion relations 

a - a = 1 + e , 
a' ■ a = e + e' , 

one can show that the Ramond ground state O) = \a', 0) is mapped to an NS vacuum 
|0,0) and the [Jj, |) is transformed into a primary state |^, |) with dimension |. This 
leads to construct the following states in NS sector 



NS] |0,0) 



1 2 

To' 5 



Now we can describe the relation of Ramond ground states with the cohomology of 
the manifold M^'^\ The target manifold M^^^ described by sigma model is characterized 
by its Betti numbers bi = 0, 1, ■ ■ ■ ,7) with several relations 



1, &i 



0. 



&2 = &5 , b3 = bi, 
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and its Euler number turns out to be 0. From the point of view of geometrical consid- 
eration, it is known that the moduh space Aigeom of the G2 manifold is related to the 
structure of the 3-form $ and its dimension is given as 

dim Mgeom = h- 

In the context of sigma model, the geometrical moduli space is extended to a string (CFT) 
moduli space M.cft by an antisymmetric 2-form and its dimension is calculated as 



d\mjvl(jprp = ^2 + &3 . 

In order to see the correspondence with the CFT, we glue left- and right-sectors of the 
CFT states and discuss the non-chiral states. The relevant states in (i?, R) sector are 
constructed as 

RR state 
:^,0M^,0).; + 

2 .1 2 . 

^80' 5 ^''^ 80' 5 

h (1 2 - 

^80'5^^^80'5^'^ 
\7 7 

where the signs ± mean the values of (—1)^. Let us consider specific counterparts in 
the NS sector. By acting on Ramond ground state with the operator associated with the 
state \{jq,0)l{yq,0)r', +), "we obtain (NS,NS) states 




NSNS state number 

1(0, 0)^(0, 0)r;+) 1 
' 1 2, , 1 2, \ ^ ^ 

'To' 5)^^10' 5)^'+/ + 

As discussed in the paper ^ , exactly marginal deformations are given by operators of the 
form 



state 

lO'S^^^O'S^"^' 



number 

62 + &4 = &2 + h 



G-I/2G-I/2 

which preserve the G2 structure. These describe string moduli space M.cft- 
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2.2 Spin{7) holonomy 

In this subsection, we will review several properties of Spin{7) manifold M^^^ and its 
associated conformal algebra. Let M*^^) be an eight manifold with a Spin{7) holonomy. 
The structure is given by a closed self-dual Spin{7) invariant 4-form $. The extended 
symmetry algebra of sigma model on M^^^ has been found in paper In addition to 
a set of = 1 superconformal currents {T,G), it contains operators (X, M) with spins 
(2, 3/2). The set is a pair of an extra = 1 Virasoro conformal algebra (T/, Gi). The M 
corresponds to the Cayley 4-form $ and the X is the energy momentum tensor for the 
c = 1/2 Majorana-Weyl fermion (Ising model). The latter is related to a spectral flow 
operator with the dimension 1/2 in the Ising model. The appearance of this statistical 
model can be explained by a reduction of holonomy for M'^^^ from S0(8) to Spin{7) by 
calculating central charge of S0{8) / Spin{7) 




Form this consideration, the correspondence has been proposed as 

SO{8)/Spin{7) ^ (Ising model) . 

By using this Ising stress tensor T/, the original stress tensor can be decomposed into a 
sum of two commutative Virasoro generators T = T/ + T^. This statistical model is a 
unitary minimal model with central charge c = |. There are 3 local scaling operators 
in this model: the Ising spin a and the energy density e and identity operator 1. The 
associated dimensions /I's are listed in table ^ 



field 


1 a e 


h 


1/16 1/2 
(+) (-) (+) 



Table 3: Conformal dimensions /I's of scaling fields in the Ising model. 

Here we put the Z2 assignments for the Ising model according to the paper P]. In this 
assignment (—1)^ = (—1)^^ and one can use Ising gradings for the whole theory. It is the 
Z2 symmetry under spin flips a —a. 

Next we will classify our state in the extended algebra by a set of two numbers 
Rising ^ -J. jgjj^g model highest weight h^^^^^ and the highest weight hr of the T^. In 
the Ramond sector we have ground states with dimension | and they are classified as 

I 2' 0) |0' 2) 1 16' Te) ■ 
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In this case the state O) = |e, 0) plays the same role as a spectral flow operator. It is 
nothing but an energy operator of the Ising model. By using fusion relations 

e ■ e — 1 , e ■ a — a , 

one can show that Ramond ground states ||, O), |0, |), | ^) are mapped to respectively 
NS vacua |0,0), |i,i>, |^,^> 

NS; |0,0) |i,i> |^,^> . 

Now we shall describe the relation of Ramond states with the cohomology of the manifold 
M^^). The Spin{7) manifold M^^^ associated with this CFT is characterized by geometrical 
data given by Betti numbers bi {£ = 0,1, ■ ■ ■ ,8) together with relations 

bo^bs^l, 6i = 67 = , 

62 = &6 , ^3 = ^5, 

63 + &| - &2 - 264 - 1 = 24 , 

where the 64 mean (anti)self-dual parts of the 64. The Euler number of the eight manifold 
M^^) is calculated as 

X = 2(62 - 63 + &4 + 1) ■ 

From the point of view of geometrical consideration, it is known that the moduli space 
■Mgeom of the Spiniy) manifold is related to the structure of the self-dual 4- form $ and 
its dimension is given as 

dim Mgeom = 64 + 1 . 

In the context of string theory, the Mgeom is extended to a CFT moduh space M.cft by 
Bfj^y and its dimension is evaluated as 

dim McFT = &2 + ^4 + 1 ■ 

In order to sec the correspondence with the CFT, we put left- and right-sectors to- 
gether and discuss non-chiral states. The relevant states in [R, R) sector and associated 
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{NS, NS) counterparts are given by the following form 



RR NSNS 



number 




(2.1) 



The {R, R) and {NS, NS) states are exchanged by the operator corresponding to the state 



which preserve the Spin{7) structure. These describe string moduli space J^cft- 

3 Compactifications of Heterotic String 

We will consider compactifications of Eq x Eg heterotic string theory p!7|-[19| on the (real) 
D dimensional special holonomy manifolds. The resulting theory compactified on M has d 
{d = 10 — D) dimensional spacetime with an = 1 supersymmetry and spacetime gauge 
symmetries are Gq x E^. In order to construct consistent string theories, we have to 
impose several conditions on the gauge symmetries. First of all, let us see these from the 
point of view of worldsheet theories. In the original 10 dimensional string, the left-moving 
part has an = 1 spacetime supersymmetry with central charge c = 15 and the right- 
moving counterpart is a bosonic theory with c = 26. In quantizing this model, we shall 
use a light-cone formula with transverse spacetime dimension [d — 2) and the theory has 
total central charge (c, c) = (12,24). A spacetime Lorentz group in the light-cone gauge 
is SO{d — 2) and is realized as level 1 affine Kac-Moody algebra sh{d — 2)i by {d — 2) free 
fermions on the worldsheet with central charge {d — 2). Similarly the spacetime gauge 
symmetry Gq x Eg, is represented by affine Lie algebras by worldsheet gauge fermions 
with central charge cgq + 8. The D dimensional internal part can be described by an 
extended A^ = 1 CFT associated with the manifold M in the previous section and has 



lijQ, 0) Li Jq,0)r)- As discussed in the paper [Q, exactly marginal deformations are given 
by operators of the form 



State 



Number 
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central charge {^D,^D). By collecting all these parts, we can write down conditions of 
balance of central charges on both left- and right-parts 

right ; 24 = (d - 2) + + CGo + 8 , 
left; 12^^(d-2) + ^D. 

In this article, we will take M as exceptional holonomy manifolds M^^^ with (real) di- 
mension D. Concrete conditions can be written down for exceptional holonomy cases 

Go case; M(^) {d = 3 theory) 

3 3 
12 = -xl-F-x7, 
2 - 2 -' 

24 = l + ^x7+(8+^), 

l — d—2 — (spacetime transverse dimension) , 

7 = (dimension of G2 manifold) , 

8 = (c of level 1 affine Eg, algebra) = (rank of Eg) , 
9 

- = (c of level 1 affine SO (9) algebra) , 

Spin (7) case; M(8) [d = 2 theory) 
12 = ^x0 + ^x8, 

24 = + ^ X 8+ (8 + 4), 

= d — 2 = (spacetime transverse dimension) , 

8 = (dimension of Spin{7) manifold) , 

8 = (c of level 1 affine Eg algebra) = (rank of £"8) , 

4 = (c of level 1 affine SO (8) algebra) = (rank of SO (8)) . 

The CFTs associated with M^^^ have extended algebras with spectral flow operators and 
naive gauge symmetries Go x Eg. are enhanced to G x Es by these special operators. 
These operators appear according to reductions of holonomies from Spin(7) (S0(8)) to 
G2 {Spin{7)) for respectively M^'^\ M^^\ In other words, these are related to the degrees 
of freedom of quotient spaces Spin{7)/G2, S0{8) / Spin{7) and turn out to be associated 
with statistical models in the previous section 

7 

G2 ; Spin{7)/G2 = Tri-critical Ising (c = ' 

Spm{7) ; S0{8)/ Spin{7) ^ Ising (c = ^) . 
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By taking account of these operators, we can propose enhancements of gauge symmetries 
as 

7 9 26 

G2 ; — + - = — ^ {tri-critical Ising} x S0(9) ^ F4 , (3.1) 

1 U Zi 

Spin{7) ; 1 + 4 = ^ ^ {Ising} x S0(8) ^ S0(9) , (3.2) 

where the left-hand sides of arrows represent consistency checks of central charges of 
enhanced currents. In fact, there are embeddings of these gauge groups in 

EsDG2xF^, (3.3) 
Es D S0(7) X S0(9) , (3.4) 

and this also could be an evidence of the enhancements. 

Under these embeddings, the representation 248 of a visible Eg is decomposed by 
representations of their subgroups. For the G2 case, this decomposition is expressed as 

248 = (1,52) 0(7,26)0(14,1). 

The 7 of G2 is identified with an index of the tangent bundle of the 7 dimensional G2 
manifold. Also each representation of F4 is decomposed into representations of SO (9) C F4 

26 = 1 + 9 + 16, 
52 = 16 + 36. 

In this article, we consider standard embeddings and identify the spin connection of M^'^^ 
directly with one of gauge F4 singlet fields (14, 1). 

Next we take the Spin{7) holonomy case. Through the embedding, the representation 
248 of the is decomposed by representations of its subgroups 

^8 13 S0(7) X S0(9) 

248 = (1, 36) © (7, 9) © (8, 16) © (21, 1) . 

The 8 is identified with an index of the tangent space of the 8 dimensional Spin{7) 
manifold. 2nd rank antisymmetric tensors 28 on the 8 dimensional manifold (with a 
holonomy S0(8)) are decomposed into self-dual (A^) and anti self-dual parts (A^) 

28 = 7 + 21. 
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It corresponds to a decomposition into irreducible Spin{7) modules 

2 form (R^) ^ so (8) , 

A^(R^) = e , dim A^ = 7 , dim A^ = 21 , 

A^ ^ Spin{7) . 

In this decomposition, the Cayley 4-form $ plays an important role. When we regard the 
^ab'^ (a, 6, c, d = 1, 2, • • • , 8) as a hnear map $ of an so(8), eigenvalues of the operator |$ 
turn out to be +1 or —3. According to eigenvalues, we can construct projection operators 
Pi, P-z 

4V6y ^ 4V 2 

which project onto A^, A^ respectively. Especially Spin{7) generators Gab's are repre- 
sented as 

Tab ; SO{8) generator . 

The anti self-dual parts are identified with adjoint 21 and one of them is set equal to the 
spin connection of the Spin{7) manifold 

(21,1). 

The remaining self-dual parts appear as matters of the vector representations 9 of SO (9) 

(7,9). 

Also each representation of SO (9) is decomposed into representations of SO (8) C SO (9) 

9 = 1 + 8 
16 = 8spi + 8 

cos ) 

36 = 8vec + 28 . 

The subscripts vec, spi, cos mean vector, spinor and cospinor representations of S0(8). 



4 Special holonomy and character relations 
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4.1 Gauge symmetry enhancement from the viewpoint of char- 
acters 



Next we study embeddings (|3.3|),(P~^) more precisely from branching relations of afiine Lie 



algebras. The gauge symmetries of spacetime are realized by afiine Kac-Moody algebras 
on the worldsheet and we will summarize the properties of several current algebras. As a 
first case, we take an affine so(2r)i algebra with level 1. It has central charge c = r and 
its spectra (conformal dimension of the primary states) associated with integrable highest 
weight representations are evaluated as 



bas : h = 0, vec : h = 



. , 2r , 2r 

spi : h = — , cos : h = — . 
^ 16 16 

Here, bas, vec, spi, cos mean basic, vector, spinor, cospinor representation respectively. 

Also the corresponding characters are evaluated by using Jacobi's theta functions 

so(2r) _^ f f^S^"^ 



^so(2r-) = i ( ^ 

so(2r) ^ so(2r) ^ 1 ^ 
A-spi Acos 2 \tI 

For the affine sb(2r + l)i with level 1, there are three integrable highest weight represen- 
tations and the associated conformal dimensions are calculated as 

bas : h = 0, vec : h = spi : h = . 

2' ^ 16 

Their characters are constructed by combining theta functions 

Xbas ~ 



Xspi - 

Similarly for level 1 affine F4, G2, Eg cases, we will summarize integrable highest weight 
representations and their conformal dimensions in the following lists: 

26 

• level 1 affine F4 (c = — ) 

3 

representations ; bas : h = 0, fun : h = - , 

5 
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level 1 affine G2 (c 



14. 

5 ' 



representations : 



bas : h = 0, fun : h 



level 1 affine Eq (c = 8) 



representations ; bas : h = , 



where the "bas", "fun" represent respectively the basic, fundamental representations of 
the corresponding algebras. Under these preparations we can obtain the tricritical Ising 
model by the coset construction (^4)1/^0(9)1. Then branching relation is expressed in the 
characters of each CFT algebra 



(^4) 
Xa 



The symbol A (= bas, fun) expresses each highest weight representation of (-^4)1 and A 
(= bas, vec, spi) labels so(9)i counterparts. The conformal dimensions of the Verma 
modules (A, A) are evaluated in the following table 



(A, A) 


(bas, bas) 


(bas,vec) 


(bas, spi) 


(fun, bas) 


(fun,vec) 


(fun, spi) 


h 





3/2 


7/16 


3/5 


1/10 


3/80 



That is to say, the F4 characters are decomposed according to the highest weights of the 
tricritical Ising model in the following way 

_ TVi so(9) -n-i so(9) , Tri so(9) 
Abas ~ AO Abas ^ A3/2Avec ^ A7/16Aspi > 

^F4 _ Tri so(9) Tri so(9) , Tri so{9) 

Afun ~ A3/5Abas ' Al/lQAvec ' A3/80Aspi • 

These are nothing but concrete realizations of the enhancement of gauge symmetry in 
Eq.( |3.1| ) from S0(9) to F4. Also similar decompositions can be performed for 
sets {so(7)i, (6*2)1, (tricritical Ising)} and {{Es)i, so{7)i, so{9)i} by applying the same 
technique as the F4 case 



(4.1) 



so(7) _ Tri G2 _|_ Tri G2 
-^bas Xo Xbas -^S/sXfun ' 



^so{7) ^ Y^Vi G2 
Avec A3/2Abas 



Al/lOAfun ' 



so{7) _ Tri G2 , ^Tri G2 
Aspi ~ A7/16Abas "1" A3/80Afun ' 

^Es ^ so(7) so(9) so{7) so(9) 
Abas Abas Abas ' Avec Avec 



(4.2) 



so(7) so(9) 
Aspi Aspi 
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The first three equations mean that the holonomy group G2 of our manifold M is em- 
bedded in the Spin{7). Collecting all these relations we can show an equation among 
characters for {Es)i, (-^4)1 and (G'2)i 

-^bas -^bas-^bas ~^ -^fun-^fun ' 

This describes embeddings of gauge groups G2 and F4 in Es considered in Eq. (|3.3| ). The 
degrees of freedom in the tricritical Ising model are included in the symmetry algebra 
so(7). But they are transferred from this sb(7) to so(9) and enhance the spacetime gauge 
symmetry from SO (9) to F4. 

Next we investigate the Spin{7) holonomy case by taking account of the coset construc- 
tion sb(9)i/so(8)i of the Ising model. The branching relation is expressed by characters 
of these CFTs 

so(9) _ Ising so(8) 

AA ~ 2^ AA,A AA 
A 

Here the A expresses highest weight representations of 50(9) and A labels so(8) repre- 
sentations. The conformal dimensions of the Verma modules (A, A) are evaluated in the 
following table 



(A, A) 


(bas,bas), (vec,vec) 


(bas,vec), (vec,bas) 


(spi,spi), (spi,cos) 


h 





1/2 


1/16 



and we can write down decompositions of characters of so(9)i in terms of the weights of 
the Ising model concretely 

^so(9) _ Ising so{8) , Ising so{8) 
Abas Ao Abas ' ^1/2 Avec ) 

ySo(9) ^ Ising so(8) Ising so{8) 

Avec Ai/2 Abas ' AO Avec ' 

so(9) _ Ising so{8) Ising so{8) (a o\ 

Aspi Al/16 ^spi ^ Ai/16 Acos ■ \^-'^) 

These show the enhancement of gauge symmetry in Eq.( |3.2D from SO (8) to SO (9). On 
the other hand the holonomy Spin{7) is embedded in the SO (8) and this fact leads us to 
relations among characters of sb(7) and sb(8) 

so(8) ^ Ising so(7) Ising so(7) 

Abas Ao Abas Avec ) 

ySo{8) ^ Ising so(7) Ising so(7) 

Avec A 1/2 Abas ' AO Avec ' 

so{8) ^ Ising so(7) so(8) ^ Ising so(7) ,^ 
Aspi Al/16 Aspi ' Acos Al/16 Aspi • \^-^) 

By gathering these equations together with a decomposition of the character in terms 
of so(8)'s 

^Ei ^ so(8) so(8) so(8) so(8) 
Abas Abas Abas ' Avec Avec 

so{8) so{8) so(8) so(8) 
' Aspi Aspi ' Acos Acos ! 
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we conclude the branching relation in terms of so(7) and so(9) 

^Es ^ so(7) so{9) so{7) so(9) , so{7) so(9) 
A^bas Abas Abas ' Avec Avec ' Aspi Aspi 

This describes embeddings of gauge groups SO (7) and SO (9) into Eg in Eg . (13 .41) . In this 
case the degrees of freedom in the Ising model are transferred from one so (8) to the other 
so(8) and spacetime gauge symmetry is enhanced from S0(8) to S0(9). At the same 
time, the holonomy of M^^^ is reduced from S0(8) to Spin{7). It is amazing that these 
phenomena about holonomies and gauge symmetries can be explained rigorously at the 
level of affine Lie algebras. 



4.2 Relation to Calabi-Yau 3-fold and K3 compactification 

Let us consider 8-dimensional space Mq which is the whole transverse space of the 
string theory in light-cone gauge. Mq might be a compact manifold, or a direct product 
]^(D-2) ^ where M^^°~^) is a (10 — L))-dimensional compact manifold. 

Generally, the holonomy group Ghoi of Mq is included in so(8). In this case, the 
manifest gauge symmetry of the heterotic string theory on Mq is so(8), and there may 
be no supersymmetries. For this reason, let us denote this class of whole 8-dimensional 
(Ricci flat) manifolds or sigma models on these manifolds as CFT(so(8)). 

As a subset of CFT(so(8)), we consider manifolds with holonomy group Ghoi C Spin{7) C 
so(8). We will name this class of manifolds or sigma model on them as CFT(so(7)). In 
such theories, the difference between so(8) and so(7) (in coset CFT meaning) — Ising 
model — is not broken by the holonomy. The relation so(8)/so(7) = (Ising) is shown 
in Eqs. ([4.4| ). This extra "symmetry" causes the spacetime supersymmetry, and makes 
the naive gauge symmetry so(8) enhanced to so(9) as in Eqs.( |4.3| ). This relation can be 
expressed by Eqs. ([1.4[). 

There is a certain subset of CFT(so(7)) which has more spacetime supersymmetry 
(the number of supercharges is larger) and larger gauge symmetry. Its holonomy Ghoi is 
included in G2 C so(7). We call this class of manifolds CFT(G2). The prime example 
in this class of manifolds are a direct product of a fiat line and a 7-dimensional G2 
holonomy manifold. A theory in CFT (6*2) has more supercharges in spacetime and larger 
gauge symmetry than a general element in CFT(so(7)) because the theory in CFT(G2) 
has an extra symmetry expressed by the coset theory so(7)/G'2 — (tricritical Ising model). 
The relation so(7)/G2 — (tricritical Ising model) is shown in Eqs.( [4.2| ). This tricritical 
Ising model causes more supercharges, and larger gauge group than the general theory in 
CFT(so(7)) has. For example, the gauge symmetry enhancement so(9) to occurs when 
we combine the so(9) algebra and the tricritical Ising model as shown in Eqs.( [4.1|) . 
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Moreover, as a subset of CFT(G'2), we can consider a class of manifolds whose holonomies 
are included in su(3) C G2- We call this class of manifolds as CFT(su(3)). The prime 
example we mainly consider is a direct product of flat and a Calabi-Yau 3-fold. A the- 
ory in CFT(su(3)) has more supercharges in spacetime and larger gauge symmetry than 
the general theory in CFT(G2) because the theory in CFT(su(3)) has the extra symmetry 
expressed by the coset G'2/su(3). This coset G2/su(3) turns out to be the 3-state Potts 
model from the following relations 

,,G2 _ ^3-Potts su(3) I ^3-Potts su(3) , ^3-Potts su(3) 
Abas ~ "-"O Abas '-'2/3 Afun '-'2/3 Aj^ ) 

■.G2 _ ^3-Potts. su{3) ^3-Potts_ su(3) ^3-Potts_ su{3) ^-n 

Xfun - '-'2/5 Xbas + '-'1/15 Xfun + '-'1/15 ■ K"^-^) 

By the effect of this 3-state Potts model, a theory in CFT(su(3)) has the larger gauge 
symmetry than the gauge symmetry F4 of a general theory in CFT(G'2)- It can be 
shown as branching rules 

^Ee, _ ^3-Potts^ F4 I ^3-Potts^ F4 
Abas ~ '-'0 Abas '-'2/5 Afun' 

,,^6 _ ^.Ea _ ^3-Potts^ F4 I ^3-Potts^ F4 (A c\ 

Afun — — '-'2/3 Abas + '-'1/15 Afun" 

A theory in CFT(su(3)) also has more supercharges in spacetime than a general theory in 
CFT(G'2). This theory also has a peculiar property. The = 1 theory on the worldsheet 
has Z2 i?-symmetry. But i?-symmetry of the theory in this CFT(su(3)) is continuous U{1) 
and this theory has worldsheet N = 2 supersymmetry. 

As a subset of CFT(su(3)), we can consider a class of manifolds (or CFT) CFT(su(2)) C 
CFT(su(3)). A manifold in this class has a holonomy included in su(2) C su(3). The 
prime example of the manifold in CFT(su(2)) is K3xM^, which we mainly consider. The 
difference between a theory in CFT(su(2)) and a general theory in CFT(su(3)) is evaluated 
by the coset su(3)/su(2) = u(l)3 (see also appendix. p.2| ). That is seen from relations 

su(3) (2) ©3,3 su{2) 

Xbas Xhas ' Xfun ' 

su(3) ^ su(3) ^ ©2^ su{2) su{2) . . „^ 

Afun Af^j^ ^ Abas ^ Afun ' V J 

A theory in CFT(su(2)) has the larger gauge symmetry than the Eq of a general theory 
in CFT(su(3)) by this u(l)3. This is seen from equations about characters 

E7 ©0,3 E(i I ©2,3 E(i I ©2,3 Ee, 

\/ ' = ; — -y " -U ■ — V ■ — V 

Abas ^ Abas ^ ^ Afun ^ ^ '^fun' 

Er _^yE,. ,^yEe + ^yEe ^ o-. 

Afun - ^ Abas + ^ Afun + ^ Aj^- l^-OJ 

The number of spacetime supercharges of a theory in CFT(su(2)) is also larger than that 
of a general theory in CFT(su(3)). 
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Finally, there is a class of flat manifolds, such as R^. We name this class CFT(l) C 
CFT(su(2)). A flat CFT in CFT(l) has more spacetime supercharges and the larger gauge 
symmetry than a general CFT in CFT(su(2)) because a flat CFT has the extra symmetry 
su(2). A theory in CFT(l) has the largest spacetime supersymmetry, and the largest 
gauge group Eg. The gauge symmetry enhancement from to Es can be seen from the 
relation about characters 

Es _ su(2) Ej _|_ su(2) By 
'^bas '^bas -^bas -^fun -^fun' 

Collecting these results, we find a sequence of inclusions of holonomy groups 

so(8) D so(7) su(3) D su(2) D {!}. (4.9) 

This induces a sequence of classes of manifolds (or theories) 

CFT(so(8)) D CFT(so(7)) D CFT(G'2) D CFT(su(3)) D CFT(su(2)) D CFT(l). (4.10) 

On the other side, there is also a sequence of gauge groups of theories 

so(8) C so(9) (ZF4GEe(zE7C: Es. (4.11) 

Each gauge group corresponds to each theory associated with a specific holonomy mani- 
fold. We can describe coset CFTs of subsequent two theories as rational CFTs 

so(8)/so(7) = so(9)/so(8) = Ising, so(7)/G'2 = ^4/30(9) = tricritical Ising, (4.12) 
G2/su(3) ^ Ee/Fi ^ 3-state Potts, su(3)/su(2) ^ Er/Ee = u(l)3, (4.13) 
su(2)/{l} ^ Es/Er ^ su(2). 

These quotient theories play essential roles in gauge group enhancements and understand- 
ing spacetime supersymmetries. 

Also, these sequences can be used to analyze special holonomy manifolds. For ex- 
ample, when one intends to study Calabi-Yau compactifications, he should consider the 
decomposition of so(8) 

so(8) = (Ising) X (tricritical Ising) x (3-state Potts) x su(3). 

In this decomposition, the su(3) part is absorbed as the holonomy, but the statistical 
part (Ising) x (tricritical Ising) x (3-state potts) remains unbroken and characterizes the 
universal structures of Calabi-Yau compactifications, such as spacetime supersymmetry 
and gauge group. We consider more about su(3) holonomy and su(2) holonomy cases in 
the following subsections. 
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4.2.1 su(3) holonomy 

Let us first consider the su(3) holonomy case. The prime example of this case is the 
Calabi-Yau compactification. We expect there are N = 2 superconformal symmetry and 
a spectral flow operator. We explain how this symmetry can be seen from the cascade of 
holonomies. 

The class CFT(su(3)) is characterized by the coset so(8)/su(3), whose central charge 
is c = 2. We denote this c = 2 CFT as X. One can construct this X from minimal models 
by using the sequence ( [4.9| ) and Eqs.( [4.12D ,( [4.13|) . We can define the characters of X by 
the set of equations 

^so(8) ^ ^so(8ysu(3)^^u(3)^ ^ ^ y^^^ ^p.^ ^ ^ y^^^ ^^^^^-^ 



where, bas, vec, spi, cos, fun, fun mean basic, vector, spinor, cospinor, fundamental, con- 
jugate fundamental representation respectively. Then, from Eqs.( f4.4| ),( [4.2| ) and (|4.5| ), the 
coset characters can be written by using characters of minimal models. The results are 
collected as 

so(8)/su(3) , ,min , ^.min _, ^.min _, min 

A(bas,bas) ~ ^^(0,0,0) A(l/2,3/2,0) A(0,3/5,2/5) A(l/2, 1/10,2/5) ; 

so(8)/su(3) ,,min , ^.min , ^.min , ^.min 

A(vec,bas) ~ A(l/2,0,0) A(0,3/2,0) A(l/2,3/5,2/5) A(0, 1/10,2/5) ; 

so(8)/su(3) _ so(8)/su(3) _ min , min 

A(spi,bas) ~ A(cos,bas) ~ A(l/16, 7/16,0) A(l/16, 3/80, 2/5) ' 

so(8)/su(3) _ so(8)/su(3) _ min , ^ min , ^ min , ^ min 

A(bas,fun) " '^(bas,f;iH) ~ A(0,0,2/3) A(l/2,3/2,2/3) A(0,3/5,l/15) A(l/2,l/10,l/15) ) 

so(8)/su(3) _ so(8)/su(3) _ min , _ min , .min , .min 

A(vec,fun) ~ ^{vec,f^) ~ A{l/2,0,2/3) + A(0,3/2,2/3) + A;(1/2,3/5,1/15) + A;(0,1/10,1/15) 5 

so(8)/su(3) _ so(8)/su(3) _ so(8)/su(3) _ so{8)/su{3) _ min , min 

A(spi,fun) - A(cos,fun) - >^(spi,-hIE) ~ ^(cos,ftIi7) " A(l/16,7/16,2/3) + X(l/16,3/80,1/15) ' 

(4.15) 

where X™c) product of the characters of minimal models 

min Ising Tri/^3-Potts 

A.(a,6,c) A.a Xb 

Also the symbol (a, b, c) represents the set of conformal weights of each statistical model. 
Since the X causes the gauge symmetry enhancement so(8) — ^ Eg (we are comparing 
CFT(so(8)) and CFT(su(3))), the coset CFT i?6/so(8) is also identified with this X. This 
fact can be seen from the sequence of gauge theory ( [4.11|) and Eqs. ([4.12| ),( |4.13| ). We will 



also explain this fact from the point of view of characters later. 

We can now obtain the characters of the coset CFT £'6/so(8) by using the explicit 



forms of the characters shown in appendix |B.2| . When we define the coset characters 
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^j/so(8),g relations 



X? = ^(a,aT^^^^a°^^^ ^ = bas, fun, fun, A = bas, vec, spi, cos, 

A 

then we can obtain the resuhs about characters 

E6/so(8) ^ ©0^ so(2) 06,6 so(2) 
A, (bas, bas) ^ a, bas ^ Xvec ' 

£6/80(8) ^ so(2) Qo,6 so(2) 

X(bas,vec) ^ Abas ' ^ Avec ' 

£6/80(8) ^ B6/so(8) ^ ©3^ so(2) 03,6 so(2) 
'^(bas,spi) A(bas,cos) „ Aspi Acos ' 



£6/80(8) ^ £6/_so(8) ^ ©4^ so(2) 02,6 so(2) 
A(fun,bas) '''-(fun,bas) „ '''-bas Avec ) 



£6/8o(8) ^ £6/_8o(8) ^ ©2^ so(2) ©4^ so(2) 
A(fun,vec) '^(fun,vec) ^ ^bas "1" ^ Avec ' 

£6/8o(8) ^ £6/so(8) ^ £6/so(8) ^ £6/_so(8) _ ©1,6 so(2) ©5,6 so(2) . 
A(fun,spi) A(f^ngpi) A(fun,cos) '^(fun,cos) ^ -^spi ^ Acos • l^'^-U; 

We find the relation between the functions in Eqs.( [4.15| ) and (|4.16|) 

£6/so(8) _ so(8)/su(3) / , „x 

A(A,A) ~ A(A,A) ' \^-^') 

must be satisfied for each set (A, A) from the following reason. By using the explicit forms 
of characters, the Eg character can be decomposed by two so(8) characters as 

Xt.= E Xt\f''. (4.18) 

A=bas,vec,spi,cos 



Using the definition of -i^so(8)/su(3) g^^^^ Eq.( ^.18D , we can decompose Xhas following 
formula 

^Es _ \^ \^ so(8) so(8)/su(3) su(3) / , 

A=bas,fun,ftIH A=bas,vec,spi,cos 

On the other hand, by using the explicit forms of the characters, the Eg character can be 
decomposed by those of Eq and su(3) as 

xSs = E _x1'Xa^"^- (4-20) 

A=bas,fun,fun 



When we compare Eg. ([4 .191) and Eq. ([4.20|) , the set of relations is obtained 



Xf= E xfWT'^'''- (4.21) 

A=bas,vec,spi,cos 
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By comparing the definition of and Eq.( [4.2lD , we can obtain tlie relation ( [4.17| ) 



We also checked the relation ( |4.17| ) for several order in g-expansion by Mathematica. 

-Be /so 
(A,A) 



So we use the relation ([4.17|) in this paper and introduce a notation x|aa) x^^^^°^^^ 



so{8)/su(3) 
A(A,A) 

Looking at the forms in Eqs.( [4.1^ ), we can show that the X is decomposed into so(2) 
and u(l)6. This so(2) corresponds to the rotation of flat space in transverse directions 
of Calabi-Yau compactification CY3 x M^, and this u(l)6 is the symmetry related to 
spacetime susy and gauge symmetry enhancement so(lO) —>■ Eq. Actually, this u(l) 
symmetry can be identified with the u(l) symmetry in the c = 9, = 2 superconformal 
algebra. In order to see this, we will concentrate on the gauge symmetry enhancement 
so(lO)— > Eq. This phenomenon of the Calabi-Yau compactification can be realized as the 
relations about characters 

Ed _ ST^ Q-4n(A)+3n(A),6 so(lO) 

xa ~ 2^ ^ ' 

A ' 

where n(A) and ^(A) are functions respectively depending on representations A's and A's 



n(bas) = 0, n(fun) = n(spi) = 1, n(fun) = n(cos) = —1, ?7,(vec) = 2. 

Now let us write an arbitrary state in the Calabi-Yau CFT as |n, m) \other) where 
In, m) is a state in the module "m" of the u(l)6 theory. The integer "m" appears as an 
index of the character Qmfi/v- The \other) is a state associated with other parts and has 
no contribution to u(l) charge of the N = 2 SCA. Only the part \n, m) has the relevant 
u(l) charge. We can evaluate the u(l) charge Qm of this state as Qm = rn/2 mod 6. 
The f/(l) here serves as an R-symmetry of the N = 2 theory and is used to construct 
f/(l) current of the N = 2 algebra. Also a spectral flow operator of the N = 2 CFT 
has conformal dimension 3/8 and is constructed by combining scaling operators of three 
statistical models. A candidate of a spectral flow operator appears in the character Q^fi/v 
, more precisely in the sector 

so(8)/su(3) _ so{8)/su(3) _ min , min 

A(spi,bas) ~ A(cos,bas) ~ A(l/16,7/16,0) A(l/16,3/80,2/5) 5 

^ Xspi ' ^ Acos A-(bas,spi) '''-(bas.cos) ' y^.^^) 

This operator belongs to a sector with a f/(l) charge Q = 3/2. It implies that the state is 
related with a 3-form of the CY^. Also the lowest term in this character is q^/^'^/"^^. This 
represents a primary state with conformal weight 3/8 and its charge is 3/2. It is the same 
as the spectral flow operator E has. We shall look at this more precisely. It is realized 
as a combination of states with /i^-Potts) ^ ^^/^g^ g), (1/16, 3/80, 2/5). 
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The total weight of these states turns out to be 1/2. When we recall the identity x 
X _ ^so{2) ^ in the above Eqs.( [4.22D , we can obtain a spin operator S 

with h = 3/8(= 1/2 — 1/8) of the su(3) holonomy model by subtracting contributions of 
a spin operator of SO (2) with weight 1/8. This operator S is nothing but a holomorphic 
3-form of the CY3 and confirms the validity of our discussions. (But we only look at the 
chiral part of the theory here). 

It is remarkable that we can realize N = 2 CFT associated with CY^ starting from 
SO (8) theory by using three statistical models in 2 dimension. 

4.2.2 su(2) holonomy 

Let us also consider the su(2) holonomy case in the same way as the su(3) case. The prime 
example of this case is the K3 compactification. In the su(2) holonomy case, the coset 
so(8)/su(2) is essential to explain spacetime supersymmetry and the gauge symmetry 
enhancement. We denote so(8)/su(2) as y and study how this determines the spacetime 
susy and gauge symmetry. 

The characters of y are defined by the branching relation 



so(8) _ \ ^ y su(2) 

A=bas,fun 



By using so(8)/su(3) = X in Eqs.(|;T3|), su(3)/su(2) = u(l)3 in Eqs.(^), and the explicit 



forms of the x|aa)'^ Eqs. ([4.16|) , the characters of 3^ can be written as 

= so{4) su{2) y ^ so(4) su{2) 

A^(bas,bas) Abas Abas ' A(bas,vec) Avec Abas ' 

A(fun,bas) Avec Afun ' A(fun,vec) Abas Afun ' 

y _ y _ so{4) su(2) y _ y _ so(4) su(2) 

-^(baSjSpi) -^(baSjCos) -^spi -^fun ' -^(fun,spi) '^(fun,cos) -^spi -^bas ' 

These relations show that y can be decomposed into so(4) and su(2). This so(4) in 3^ is 
the rotation of fiat in M^xK3. On the other hand, this su(2) in y is the key symmetry 
for the spacetime supersymmetry and the gauge symmetry enhancement. Actually, the 
K3 CFT has c = 6, N=4 superconformal symmetry and the su(2) in y is identified with 
/^-symmetry su(2) in the c = 6, N=4 superconformal algebra. 

The gauge symmetry is enhanced from so(12) to Ej with this su(2) symmetry in y. 
This phenomenon can be explained by branching rules 

E7 _ su(2) SO(12) su(2) SO(12) 
-^bas -^bas -^bas ' Xfun -^spi ' 

^Er ^ su(2) S0(12) , su(2) S0{12) 
Afun Abas Acos ~ Afun Avec 
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The spectral flow operators are the primary states in the fundamental representation 
of su(2) in y. The conformal dimension of these states are both 1/4. This is the same 
property as spectral flow operators. 



4.2.3 Comments on spacetime supersymmetry 

Let us comment about the spacetime supersymmetry from the viewpoint of characters. 
In the flat case, the key ingredient for this susy is the Jacobi's abstruse identity 

This can be rewritten by so (8) characters in the formula 

so(8) _ so(8) _ Q 
A vec Aspi 

From this Jacobi's abstruse identity, we can propose the key identities for the spacetime 
supersymmetries in compactifications on special holonomy manifolds 

So(8)/Ghol So(8)/Ghol _ n (A r,o\ 

Avec,A ~ Aspi,A " U, V^-^'^) 

where Ghoi's are the holonomy groups. Also A is the representation of Ghoi- We assume 
this identity is satisfled only for the cases xte'c a''^''°' ^"^^ Xspfl^'^''"' 7^ 0- evidence 
of our proposal is given by the following branching relation 

n ^ ySo(8) _ so(8) ^ "Sp/ so(8)/Ghoi _ so(8)/Ghoi \ Ghoi 
^ A vec Aspi / ^ VAvec.A Aspi, A /aA 

A 

If we put the identity ( |4.23| ), we can show that the partition functions vanish in orbifold 
cases. In order to explain this, let us consider the orbifold group V C Ghoi C so(8). The 
character of the ((^i, (72)-sector {gi,g2 G F) is deflned as 

^\{gi,92) A,gi twisted J 

This can be decomposed as 

so(8) ^ so(8)/Ghoi Ghoi 

AA,(gi,g2) Z-^X\,A AA,(gi,g2)' 
A 

Note that X\a^^'^^^°^ is independent of {gi, (72) because gi and (72 are elements of F C Ghoi- 
On the other hand, XaXqi 32) deflned in the same way as the so(8) case. By using these 
characters, the partition function of left-moving fermions in ((71, (72)-sector can be written 

as 



91,92 Avec, (31,32) '^spi,(3i,32) / ^ VAvec.A Aspi, A 'AA, (31,32)' 

A 
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This Zgf^ga becomes when we use the identities ( |4.23| ). 



Let us see the exphcit forms of these identities for each case of holonomies G2, su(3), su(2). 
First, we consider the exphcit form of the identities of the G2 case. The branching relation 
of the coset model so(8)/(j'2 can be written as 

^^0(8) _ / Ising Tri , Ising TriN G2 , / Ising Tri , Ising Tri \ G2 
Abas ~ IaO AO "T Al/2 A3/2Mbas IaO A3/5 Al/2 Al/loJAfun' 

so(8) _ / Ising Tri _|_ Ising Tri\G2 , / Ising Tri _|_ Ising Tri \ G2 
Xvec — Ui/2 Xo + Xo X3/2jXbas + U1/2 X3/5 + Xo Xl/loJXfun' 

so(8) _ so(8) _ Ising Tri G2 , Ising Tri G2 
Aspi Acos Al/16 A7/16Abas ^ Al/16 A3/80Afun- 



The explicit susy identities in the G2 holonomy case is as follows. From X(°ec''bls) ~ 
X(sSb2) = , we obtain 

Ising Tri I Ising Tri _ Ising Tri _ r, (a r,A\ 

Xl/2 Xo + Xo X3/2 Xl/16 X7/W — l^-^^j 

J^rom X(vec,fun) - X{spi,fun) " U , wc obtam 

Ising Tri I Ising Tri _ Ising Tri _ q (a r,f-N 

^1/2 X3/5 + Xo Xl/10 Xl/16 X3/80 - U- l^-^CJ 



These formulas are the same as the ones recently obtained in |[U 

Next, let us go to the susy identities in the su(3) holonomy case. The explicit form 
using the characters in ( [4.15|) becomes 



min I min , min , min _ min _ min _ r, 

a:(1/2,0,0) + A(0,3/2,0) + A (1/2,3/5,2/5) + A(0,l/10,2/5) A(l/16,7/16,0) A(l/16,3/80,2/5) " 

min I min , min , min min min ri 

A(l/2,0,2/3) "T A(0,3/2,2/3) A{l/2,3/5,l/15) A(0,l/10,l/15) A(l/16, 7/16, 2/3) A{1/16,3/80,1/15) ~ 

(4.26) 

Since a Calabi-Yau compactification is a special case of G2 compactifications, one may 
guess that the identities (|4.26|) can be derived from the identities ( |4.24D and (|4.25|) . Ac- 
tually, the following formulas show this guess is true 



mm _i_ , ,mm _i_ , ,mm _i_ ,^mm -\/™"^ 

A(l/2,0,0) ' A(0,3/2,0) ' A(l/2,3/5,2/5) A{0,l/10,2/5) A (1/16,7/16,0) A(l/16,3/80,2/5) 

_ / so{8)/G2 _ so(8)/G2 x^3-Potts I / so(8)/G2 _ so(8)/G2 \^3-Potts 
VA(vec,bas) A (spi,bas) / '""O "1" lA(vec,fun) A(spi,fun)/'-'5/2 5 



mm I mm _, mm _, mm mm i/™™ 

A(l/2,0,2/3) "T A(0,3/2,2/3) A(l/2,3/5,l/15) A(0,l/10,l/15) A(l/16, 7/16, 2/3) A(l/16,3/80,1/15) 

_ fSo{8)/G2 _ so(8)/G2 \^3-Potts I / so(8)/G2 _ so(8)/G2 \^3-Potts 
~ U(vec,bas) A(spi,bas)J'-'2/3 "t" lA(vec,fun) A(spi,fun) ^'-'1/15 



Besides the expression ( |4.26| ) of the susy identities, we can also write the explicit susy 
identities using the form of ( |4.16D . These identites reduce to 



66,660,2 + 60,662,2 - 263,661,2 = 0, 

62,660,2 + 64,662,2 - 61,661,2 - 65,661,2 = 0. (4.27) 
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These are the same identites obtained in [^] and |2T[]. If we use the identity ( [4.17| ), (|4.26| ) 
and ( |4.27| ) are equivalent. 

Finally, let us see the susy identities in the su(2) holonomy case. The explicit form of 
the identities are given by 



(4) su(2) _ so(4) su{2) 



so{4) su(2) 
Xbas -^fun 



-^spi '^fu 

so(4) su(2) 
Aspi Abas 



0, 
0. 



These identities reduce to the ones obtained in |22 



5 Orbifold 

In this section we investigate G2 and Spin{7) manifolds realized as orbifolds. These 
models have been discussed by Joyce as concrete examples of compact manifolds 

with exceptional holonomies in mathematical contexts. We review his constructions in 
subsection 5.1. In subsection 5.2, we elaborate toroidal partition functions of heterotic 
strings on these orbifolds and study their modular properties. In subsection 5.3, we show 
our results about massless spectra of effective theories in our these heterotic models. 



5.1 Examples of Special Holonomy Manifolds 

In this subsection we study some of the examples constructed by Joyce A basic 

example of a compact seven manifold M^^^ with G2 holonomy is realized as a toroidal 
orbifold. Let {xi,X2, ■ ■ ■ yX^) be a set of coordinates of T'^ which is a product of seven 
circles of the radius R. The M^'^^ is defined as the desingularization of the T'' modded 
out by r = Z2 group with generators 

3 {xi, X2, X3, X4, X5, xe, X7) , 
a; ( -xi, -X2, -X3, -X4, X5, Xq, X7 ) 

r < /3; ( -xi, --X2, X3, X4, -X5, -xe, xj ) , 

,11 , 
7; ( 2 ~ ^2, 2 ~ -X5, xe, -X7 ) 

where the generators of the Z2's are denoted by a, f3, and 7. One can verify that = 
/?2 = ^2 _ ]^ ^ commute one another. Then discrete group F is isomorphic to 

Zg. Also 1/2 means a shift - x 2itR around the circle in the case that each Xj of has 
period 2ttR. Then this holonomies preserve the fiat G2 structure on given by a $ 

$ = (iXi36 + rfXi45 + rfx235 - 'ixi27 - C?X246 - 'iX347 - (ix567 , 

d'Xijk := dxi A dxj A dxk ■ 
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Next we review the cohomology classes on M^'^^ After this projection there remain a 
zero-form, one 7-form, seven 3-forms and seven 4-forms of T^. But none of the two-forms 
are invariant under the action of the discrete group F. The elements /?7, 7a, a(3 and a(3'y 
have no fixed points on T^. The fixed points of a in T'' are 16 T'^'s and the group (/?,7) 
acts freely on these 16 sets. It leaves us with 4 invariant combinations on the quotient 
T''/r. Similarly one can see that the fixed T^'s for each /5,7 are 4 copies of T^. The local 
form of the singularities at the fixed T^'s is R^/Z2 x and resolving each of these yields 
one 2-form and three 3-forms. Since there are 12 fixed tori on M^'^\ one obtains Betti 
numbers after resolution by recalling 62 (^^/r) = 0, b^lT"^ /T) = 7 

62(m(^)) = 62(r7r) + 12 ■ 1 = 12 , 63(m(^)) = 63(r7r) + 12 ■ 3 = 43 . 

Now we are able to write down all Betti numbers of this G2 orbifold M*^"^) 

60 = &7 = 1 , bi=be = 0, 
62 = &5 = 12 , 63 = 64 = 43 . 

This is a compact, simply-connected seven manifold with holonomy G2- The moduli space 
has dimension 43 and the associated CFT counterpart is a 62 + ^3 = 55 dimensional space. 

Next we shall explain a simple example of a compact 8 manifold M^^^ with holonomy 
Spiniy) constructed by Joyce [If. This example proceeds similarly to the G2 case. Let 
(xi,X2,-- - ,X7,X8) be a set of coordinates of which is a product of eight circles of 
the radius R. The M*^^) is constructed as the desingularization of the divided by the 
discreet group F = with generators 

3 {xi, X2, 0:3, Xi, xs, xe, X7, xs) , 

a; ( -Xi, -X2, -X3, -X4, X5, X6, X7, X8 ) 

(3] ( Xi, X2, X3, X4, — Xs, — Xe, — a;7, — xs ) 

5; ( -xi, X2, 7T-^3, 2:4, -X5, xe, ^-Xj, Xg ) 

It is easy to see that = = 7^ = 5^ = 1 and a, /5, 7, 5 all commute one another. Then 
the r = Z2 is a group of automorphisms of preserving the fiat Spin{7) structure given 
by a Cayley 4 form $ 

$ = (iXi234 + C?Xi256 + 'ixi278 + C?Xi357 - (ixi368 

— (ixi458 — (ixi467 — (ix2358 — 'ix2367 ~ 6^X2457 
+C^X2468 + 'iX3456 + 0^X3478 -|- 1^X5678 , 

d'XijM = dxi A dxj A dxk A dxi . 
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fixed points 


a — action 


[3 — action 


7 — action 


5 — action 


a — fixed points 


16 


* 


trivial 


free 


free 


(5 — fixed points 


16 


trivial 


* 


free 


free 


7 — fixed points 


16 


free 


free 


* 


free 


5 — fixed points 


16 


free 


free 


free 


* 



Table 4: Fixed-point sets by a, /3, 7, 6 and actions of these generators on them. 





fixed points 


a — fixed points 


4 TV{±1} 


[3 — fixed points 


4 TV{±1} 


7 — fixed points 


2 


5 — fixed points 


2 



Table 5: Fixed-point sets divided by actions of other generators. 

Each of the fixed points of a,/3,7,(5 are 16 copies of T^. Also 13 acts trivially on the set 
of the 16 fixed by the a-action and (7, 5) acts freely on these T^. It leaves us with 
4 invariant combinations T^/{±1} on the quotient T^/F from the a-fixed points. We 
summarize similar properties about fixed T^'s by other generators in table The two 
sets of a-fixed points and /3-fixed points intersect in 64 points. 

As is the G2 case, the Betti numbers hiiT^ /T) are the dimension of the F-invariant 
subspaces of differential forms on T^. After the projection there are no nonzero F-invariant 
1-, 2-, and 3-forms. But one can show that there are four self-dual 4-forms and four anti 
self-dual 4-forms. Thus the Betti numbers of T^/F are written down as 

6i(rVF) = 62(tVf) = 63(TVr) = , 
64(tVf) = 14, 6+(t7f) = 7, 64 (^7r) = 7. 

Next we calculate the Betti numbers of M^^\ When one resolves each of the 4 fixed 
T^/{±1} by a-action and 4 T^/{±1} fixed by (3 in T^/T, the 63 is unchanged but 1 is 
added to the 62- Also 3 is added to each of 64 . For each of the 2 T'^ fixed by 7-action 
and 2 fixed by 5 in T^/T, there are contributions 1 to 62 and 3 to each bf. When we 
resolve each of the 64 points in the intersection of the 4 a-fixed sets T^/{±1} and the 4 
/3-fixed T'^/lilj's, this operation does not change 62, &3 and 64 but adds 1 to 64 . By 
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collecting all the contributions, we obtain the Betti numbers of the bi{M^^^) 

60 = &8 = 1 , 61 = 67 = , 

62 = 66 = 12 , 63 = fcs = 16 , 64 = 150 , 

bt = 107 , 6J = 43 . 

In this model, the moduli space of holonomy Spin{7) metrics on M^^^ is a smooth manifold 
of dimension 1 + 6 J = 44. 

5.2 Modular invariant partition function 

In this subsection, we write down the partition functions of the orbifold string models 
explained in the previous subsection. In this paper, we work in light-cone gauge. 

5.2.1 G2 holonomy manifold case 

First, we consider the G2 compactification. In this case, we set ,x^,...,a;^ to be the 
coordinates of the G2 manifold, and to be the transverse direction of the flat spacetime. 

In our model, only one of the two Eg has information about the holonomy group, and 
the other Es does not have any contribution of holonomy group of the internal manifold. 
We denote the Es including the holonomy group as E^^^ and the other as E^^ . We describe 
E^^^ by 16 free fermions A^, . . . , A^^. Among them, A^, . . . , A^ are orbifolded in the same 
way as the left-moving fermions ■0^, ■ ■ ■ , V'^^ and others are not orbifolded. Therefore, the 
so (9) of A^, . . . , A^^ is manifestly realized. 

The orbifold partition functions Z{t, f) generally have the following form 

= M E Z9u9.ir,f), Z,,,,,{T,f)= Tr b2 g^-^/V"-^/^1, (5.1) 

i ' gitwisted sector 

9i,ff2er 

where q = exp(27rir). Also r is the modulus of the toroidal worldsheet. The subscript gi 
represents twisted boundary condition along the ci (spatial) direction on the worldsheet. 
On the other side, the g2 expresses the boundary condition along the temporal direction 
on the worldsheet. The (Lq — c/24, Lq — c/24) is the set of Hamiltonians on the left- and 
right-moving parts in our heterotic string with (c, c) = (12, 24). To be modular invariant, 
the following modular properties should be satisfied 

Zgu9A-iM - ^,,,-(t), Z,^,,,{t+1) = Z,„,,,,(t). (5.2) 

In our case, each Zg^^g^ can be decomposed into several blocks and can be written as a 
product of them 

Zg,,g,{r, f) = )(r, f)zS,(r, f ) x ^^^(r) x (5-3) 
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In this formula, Z^^^^ boson) jg ^j^g partition function of a single boson ; Z^^^* boson) _ 
(Imr)"^/^|?7(r)|~^. Zg^l^ is the partition function of the bosons in the gi- 

twisted sector with 5f2-insertion. This part describes the internal G2 manifold. The 
Zg^l^^s themselves satisfy the modular properties ( |5.2|) . Also, zl^}g^{T) is the character 
of the left-moving fermions ip^ , . . . , ifP of (71-twisted sector with (72-insertion. As a result 
of spacetime supersymmetry, each of Zg-^/g2{T)^s vanishes. Next we consider structures 
on the right-moving part. Xg^g-ii'^) is the character of e'^^ in the ^fi-twisted sector with 
(72- insert ion. Xbas('^) i^ ^s'^ character defined as 

The explicit formulae of Zg^^^^ zl^}g^{T) and Xg^,g2ij) concretely calculated in our 
model. 

First, we consider the boson sector Zg^/g^. Our orbifold group does not mix the coor- 
dinates one another, so we can concentrate on each Xi separately. We have only to think 
the following 4 types of twistings 

(0) : x — > X, (1) : X ^ X + ^, (2) : a; —x, {3) : x ^ ^ — x 

The (1) -twisted sector differs from untwisted sector by zero-modes. In (1) -twisted 
sector, the winding number becomes a half integer. 

The (2) -twisted sector expresses an anti-periodic boson and it has half integral 
modes. 

The (3) -twisted sector is the same as (2) -twisted sector: when we define y = | — x, 
then (3) is rewritten s& y ^ —y. 

The (1) -operator insertion contributes (—1)"" where n is the momentum. 

The (2) -operator insertion is represented on oscillators —otn- For zero-modes, 

only the zero momentum and zero winding part survives. 

The (3) -operator insertion is the same as (2) -operator insertion. 

As a result, we obtain the following partition function of a single boson .^^f^'* (a, 6 = 
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(0),(1),(2),(3)). 



'{0)(0) 
'(0)(1) 

'(1)(0) 

7iBl) 
'(1)(1) 

7{Bl) 
'(0)(2) 



yiBl) 

^(2)(0) 



'{2)(2) 



yiBl) 

^(1)(2) 



I / M-2 IflL+RlnY 

l'7(''")l 2^ g2U+ 2 ; g2U 

1^(^)1 (-1) g^^^^"'' r^^' 



I / M_9 1/n I fl(iu+l/2) \2 1/n -R(iu+l/2) \2 

|?7(r)| > g2U^ 2 ; g2U 2 ; ^ 

\t]{t)\ ^ > (-l)"g2U+ 2 J g2U 2 J ^ 



n,w(i1, 



7{Bl) 



y{Bl) 

^(3)(0) 



.(51) 
'(3){3) 



^(1)(3) 



n=l 

oo 

n=l 

oo 



r/(r) 



n=l 



2 

= 2 


r/(r) 




^4(r) 


2 




= 2 


r7(r) 




^3(r) 



^(2)(1) 



^(3)(1) 



^(2)(3) 



^(3){2) 



0. 



(5.4) 



The 7] is the Dedekind's eta function and 9iS {i = 2,3,4) represent Jacobi's theta func- 
tions. These Z^f^^'s satisfy the modular properties in Eqs.(|5^). 

By using these resuhs, the total bosonic part of the partition function Zg^/g2 can be 
obtained by multiplying these Z^f^^ 's. For example, we take the concretely. Since 
and f3 have the following actions 



a 



a : ( —x^, 
/?: ( -x\ 



-X 



— X 



X 



-X 



X" 



x^, x'^ ), 



X 



the x^-sector produces ^[^(2) the x^-sector produces -Z^^^^Js) and so on. Consequently, 
zjfl becomes a product of Z^'^^'''s for each x\ = 1, 2, . . . , 7) 



r,{B) _ y{Bl) y{Bl) y{Bl) r^(Bl) y{Bl) r,{Bl) y{Bl) 

^a,fi - ^(2)(2)^(2){3)^(2)(0)^(2)(0)^(0)(2)^(0)(2)^(0)(0)- 

Next, we are going to write down xfi%2- '^^^^ P^^^ essential for the spacetime gauge 
symmetry. We use the description by free fermions, and the result can be written by 
using five types of functions XiijXiajXa\^Xa^a^Xa%- We can write down their explicit 
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formulae by using theta functions 



Al,l 


= xts = ^si(^l + ol + el + 






Eg 


= ^{« + «-^2H^i 






Aa,l 


= ^si^Pl + epl + eli-ze. 


f + HOiM}, 






= ^"L^4^2 - ^2^4 + 6'3(-i6'i 






yEs 


= ^{^3M2(-^^^l)+^^2'(-^6 




(5.5) 



The general Xglg^^ which are not defined in Eqs. (|5.5| ) are determined by the following 
rules 

xf„ {gi = 1. 92^ 1) 
x5 {gi ^i. 92 = 1) 

Xffa {91=92 1^1) 
^Xa% i9l 7^ 92, 9l 7^ 1, ^2 7^ 1) 



■^91,92 



where the functions on the right-hand side are defined by Eqs.( |5.5| ). 

To check the modular invariance of the whole partition function, we need the modular 
transformation properties of the above functions. The modular properties of these func- 
tions are obtained by using the modular properties of theta functions in appendix 0. For 
S transformation, these x^^'s transform as 



Es 



Ea 



Es 



Es 



,Es 



Es 



.Es 



X'Y,ai'^)i 



(5.6) 



where we use e[x] := exp(27rix). On the other hand, for the T transformation, they 
transform as 



xa(r + l) = e 
xSiir + l) = e 



1 
3 
1 

'l2 



Xa(r), x£(r+l) = 
Xa%{r), XaU^ + l) 



x£(r). 



1 

12 



XaMr), Xa^{T+l) 



Es 



1 

'l2 
(5.7) 



Xa,a'y (''") " 



( P) 

Finally, we construct the left-moving fermionic part of the partition function Zg^'g^. 
This part is essential for the spacetime supersymmetry. We can construct this Zg-^/g^ in 
the same way as xf/.ga case. As constituent blocks, we need to write five types of partition 
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functions z[^^ , z[^J , Z^J^^, Z^a, -^i/y- We can evaluate these functions concretely and the 
results are expressed as 



^f? = ^{^3 - ot - el + 
1 



1 



—{elel-dldl + dl{-id 
1 



Z^F) 

Z(F) 
a, 7 



1) -i-teiYei}, 



i 



{-elel + 9l9l + 9l{-ie,f - {-lO.fel}, 



(5i 



Each of these functions actually vanishes because of the spacetime supersymmetry. 

The general Zg^}g^^s which are not defined in Eqs. (|5.8| ) can be written as the same way 
as the Xg^g2 case. They are determined by the following rules 

(^1 = 1,^2^1) 

4? {91 + h92 = 1) 
(5-1 = 5-2 7^ 1) 

Z^S (91 7^ 92, 9l 7^ 1, 92 7^ 1) 



Z(F) 
91,92 



We also need the modular properties of these functions in Eqs. ( |5.8| ) to check the mod- 
ular invariance of the whole partition function. For the S transformation, they transform 



as 



zZ\-l/r) = Z[^>{r), Z[^J{-l/r) = Z^^Jir 



4F) 



AF)i 



7{F) 



On the other hand, for the T transformation, they transform as 



CH^)- (5-9) 



Zi?(r + l) = e 
45(r + l) = e 



5 

12 



zZ\r\ <J(r + l) = e 
^S(r), Z^J2{T + l) = e 



5 

12 



Zi^hr + l) = e 



5 " 
12_ 
(5.10) 



ZiF) 



Gathering these results, we can write down the .^31,33 Eq.(p.3|). Also we can check 
that the Zg^^g^ actually satisfy the modular properties ( |5.2| ) by using the modular prop- 
erties ( |5.6|) , (^3)) (|5-9| ), (^.10|) and we can conclude the partition function is modular 
invariant. 
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5.2.2 Spin{7) holonomy manifold case 



Now, we turn to construct the modular invariant partition function of the Spin{7) ex- 
ample. It is almost parallel to the case of G'2- In Spin{7) case, there are no transverse 
directions of the fiat spacetime, and Zg^ g^ can be decomposed as 



(5.11) 



The boson part Zg^^^ is constructed as in the G2 case. For example, Z}^-^ becomes a 
product of each Z^^^^^s 

y{B) _ y{Bl) y{Bl) y{Bl) y{Bl) y{Bl) y(Bl) y{Bl) y(Bl) 

^a,7 - ^(2)(3)^(2)(3)^(2)(0)^(2)(0)^{0)(3)^(0){3)^{0)(0)^(0){0)' 

where Z^^^^''s are single boson partition functions in Eqs. (|5.4| ). 

In order to write down the Zg^}g^ and xfi^ga' "^ote a (3 =: —1. We also write (— 1) • 

g = —g for (7 G F. First, let us consider Xgig2- We need six new types of functions which 
do not appear in Eqs.(|5j). These functions are xf,-«, xf,-i, X-la, xf-i, X-li, X-! -i- 
The explicit forms of them are expressed as 



A.a,—a 




-^9^] 


% - ( 


-i9i 


)%9l}, 


xlU = 


^,{919191 + 9l9lH9,r + 9li 


-i9i) 


^91 + (- 


-i9i] 


%9l}, 


x% = 


±^{9l9l9l - 9t9li-t9,f - 9ti 


-i9i) 


'91 + (- 


-t9i] 


%9% 


= 


^,{9t9t + 9t9t + 9tH9,r + 


H9, 








^Es _ 
A-1,1 — 


^,{9t9', + 9t9t + 9t{-^9,r + 


H9, 








Es _ 
A-1,-1 - 


= ^{« + « + ^3H^ir^ 


- {~t9 









(5.12) 

The general X^lg^'s> which are not in Eqs.( ^.5|) , (|5.12| ) are defined by using the functions 
in Eqs.(|575|) and (|5.12| ). The general xf/,g2 defined as 



^Es 
^^91,92 





(g, = 1, g2^ 1) 


x% 


{g, = -1, g2 ^ 1) 




{g^ ^l, g2 = 1) 




{gi 7^1, 92 = -1) 


yEs 


(^1 = ^2 7^ 1) 


Es 
Aa,— a 


{g, = -(72 7^ ±1) 


■yEs 
Act, 7 


(others). 
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We also need the modular properties of six functions introduced in Eg. ( [5 .121) to check 
the modular invariance of the whole partition function. For the S transformation, they 
transform as 



Aa, — Q 



-1/r) 
-1/r) 



xtU-l/r) 



X%{r), 



X%-,i-l/r) = x\-,ir). 



(5.13) 



On the other hand, for the T transformation they behave as 



x5^.(r + i) = 

X%{t + 1) = 
X?-i(r + l) = 
X-l-i(r + l) = e 



1 

12 



X^Ur), 

x\-air), 
X?-i(r), 
X%{r). 



xf^(r + i) 



1 

12 



X%ir + 1) 



X^-\.-,ir), 



(5.14) 



As for the left-moving fermion part, we need six new types of the functions. We need 



explicit forms of zj^l^, zj^}_^, ^i^^Q, z[^\, Z^-^^^^, Z^^'_^, and they are written 



as 



7{F) 
"a,-l 



y{F) 



zYA = z'^Z = —M -el- {-ze,r + ol}, 



'1 - 

^-1,-1 



1 



1 



AF) 



(5.15) 



We introduce the general Zg^^^g^s which are not in Eqs. (|5.8|) and ( ^.15|) . Each of these 
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are the same functions as in Eqs.([5.8|),( |5.15| ). They can be defined as 



aim 



rviF) 


((71 = 1, 92^ 1) 




{91 = -1, 92 ^ 1 




{91 ^l. 92 = 1) 


y(F) 


{91 7^ 1, 92 = -1 


y(F) 


{91 = 92^^) 


y(F) 


{91 = -92 ^ ±1) 


y(F) 


(others). 



Here, we write down the modular properties of the functions in Eqs.( |5.15|) , which are 
needed to check the modular invariance of the partition function. For the S transforma- 
tion, they transform as 



7(F) , 



-1/r) 



'(F) 



Z%{-l/r)=z[% 



For the T transformation, they behave as 



T 



z^Zii-^M = z'-,U 



(F) 



(5.16) 



45.(r + l) 



z^-Zi^ + i)- 

ziZir + l) = 
^i?-i(r + l) 



5 
"12 
1 



6 



zLZir), 



zZUr), 



^S(r + l) = e 



C^i(r), z[Z{r+l) = e 
Z%{r). 



5 

12 



Z'^Ur) 



zSUr), 



(5.17) 



The partition function constructed from these constituent blocks satisfies the equations 
(^.2|). It can be checked by using the modular properties ( |5.6| ), (|5.7| ), ( |5.9| ), (|5.1CI|) , ( |5.13| ), 
(^), (CT, 



5.3 massless sector 

In this subsection we will investigate massless spectra of the compactified models. The 
conformal dimension of a field in the whole theory is a sum of weights in each constituent 
CFT. The total weight on the theory is labelled by a set (/;,*°*, /i*"*) and can be written 
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down as 

left (AT = 1) ; h'°' = /i^ + - - = , 

24 

right (A^ = 0) ; = /i*^ + /i^ + - — = , 

where [h'^ ,h^) expresses a set of weights in the extended CFT for M and /i*^", h^^, 
^so{d-2) respectively conformal dimensions associated with affine Lie algebras (Go)!, 
(^8)i, sb((i — 2)i {d > 3). For the c? = 3 case we formally interpret the part "so((i — 2)i" 
as a current generated by a free fermion. In the case of d = 2 this part does not appear 
and we set h^o{d-2) ^ q_ 

As a first case we take gauge singlet states with conditions {d > 3) 

The /I's are determined by representations of so{d—2) and can be classified in the following 
table 

In the table ^ we study models with spacetime transverse dimensions and the NS and R 

d = even case 



rep. 


bas vec spi cos 


j^so{d—2) 


Q 1 d-2 d~2 
2 16 16 




1 Q 10-d 10-d 

2 16 16 


sector 


NS NS R R 



d = odd case 



rep. 


bas vec spi 


^so(d— 2) 


n 1 d-2 
^ 2 16 




1 n 10-d 

2 ^ 16 


sector 


NS NS R 



Table 6: Classifications of representations for SO{d — 2) algebra. 

distinguish sectors of susy states in the worldsheet theories. For the d = 2 case a condition 
h'^ = 1/2 should be satisfied. By considering these conditions we can determine massless 
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fields {d > 3) in tliis sector after GSO projections 

V'-i/2'5'li ; graviton, 2nd rank antisymmetric field, dilaton, 
S'^a'^i ; gravitino, dilatino . 

These represent an = 1 multiplet of supergravity. For the d = 3 case, the excitations 
of the gravity and gravitino disappear after imposing on-shell conditions. 

In the d = 2 case transverse dimension of the spacetime vanishes and local excitations 
of graviton and B^j^y do not exist. However a pair of dilaton and dilatino appears as its 
field content. For that case a set of weights is fixed to be (/i*^, h^) = (1, 1/2) and could 
be classified by states of the CFT associated with the internal manifold M^^\ 

Secondly we consider the h^^ = 1 part. The corresponding states are easily understood 
to be gauge fields and their superpartners with gauge symmetry in the hidden sector Eg 

; Eg current . 

These fields are singlets with respects to the Gq group. 

In the case of h'^° = 1 the corresponding states are gauge fields with spacetime visible 
gauge symmetry Gq. These transform as adjoint fields under this symmetry Gq and are 
identified with a set of an = 1 gauge multiplet 

; Go current . 

Next we shall study the Eg singlet matters with h^^ = 0. The right-moving part 
has an affine Gq current and the states are classified by its representations. On the 
other hand the left-movers have SO{d — 2) symmetry and its chiral states are labelled by 
representations of this group. We will concentrate on the d = 2,3 cases here. The d = 3 
case is realized through compactification on the G2 manifold with D = 7. The right- and 
left-chiral states are respectively characterized by representations of Gq = SO (9) and a 
free fermion ip. They are summarized in the table |^ 

Here the "bas", "vec", "spi" express respectively trivial, vector, spinor represen- 
tations of SO (9) and "tri-Ising" means scaling operators of the associated tricritical 
Ising model. Also the /i*^'s can be decomposed as sums of pairs of weights {Ji^^,Jf) 
of (T'^',T'"). These states are collected into multiplets with a representation 26 of F4 

F4 D S0(9) X (tricritical Ising) , 

26 Ibas ~l~ 9vec ~l~ ISgpi . 
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S0(9) 








tri-Ising 


sector 


bas (1) 





1 


(3/5,2/5) 


e' 


A^S 


vec (9) 


1/2 


1/2 


(1/10,2/5) 


e 


NS 


spi (16) 


9/16 


7/16 


(3/80,2/5) 


cr 


R 



Table 7: Right-moving part for G2 case and its classification by 50(9) 

The left-part is classified in terms of the transverse fermion ip in the spacetime. The /i*^'s 
are decomposed by the weights of the chiral fields of the tricritical Ising model as in table 

I 







{h^\ h') 


tri-Ising 


sector 





1/2 


(1/10,2/5) 


e 


NS 


1/2 





(0,0) 


1 


NS 


1/16 


7/16 


(3/80,2/5) 


cr 


R 


1/16 


7/16 


(7/16,0) 


a' 


R 



Table 8: Left-moving part for G2 case and its classification by i}). 

Now we are ready to write down spectra of the associated fields by gluing left- and 
right-parts together. We put them in the table 
These states are = 1 F4 fundamental multiplets and transform as a representation 



state 


S0(9) 






tjmultiplet 


{h,h) 


((-1)^ 




(^ 


2\ ( 1 
5^^110' 


b' 


R 


1 











(14) 


( + , 


-) 


(1. 


2\ ( 1 


2 

5 


)r 


9 





26 


62 - 




(i -) 

V2' 2^ 


(-, 


-) 


Vso 


2\ / 1 


2 

5 


)r 


16 











(X i) 

V 16' 2/ 


(±, 


-) 


f- 


2\ ( 3 


b' 


R 


1 


1/16 








(1'^) 


( + , 


±) 


(1- 


2\ ( 3 


2 
5 


)r 


9 


1/16 


26 


62 - 




(- ^) 

V2' 16 


(-, 


±) 




2\ / 3 


2 

5 


)r 


16 


1/16 








V16' 16 


(±, 


±) 



Table 9: spectra {d = 3 heterotic theory on G2 manifold) 

26 of gauge group F4. The number of these multiplets is evaluated by noticing the state 
J)' f)^' l^ related with the string moduh space with G2 manifold and its 
number is equal to the dimension of the J^cft, that is, dim A^cft = &2 + &3 = &2 + &4- 
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In fact there are &2 + ^3 = 55 F4 fundamental 26-multiplets in our orbifold model. That 
illustrates the enhancement of the gauge symmetry from Go = SO (9) to G = F4. Next 
we shall recall there are adjoint fields with a representation 36 under SO (9). They are 
combined into an adjoint 52- representation of F4 together with 16- matter fields of SO (9). 
Furthermore there are many gauge singlet states. We do not touch on details of these 
singlets here. 

When one compactifies string theory on the Spin{7) manifold, the transverse dimen- 
sion is d — 2 = and there are no transverse excitations. In our light-cone formula it seems 
meaningless to discuss matter contents for this case. But we will explain associated left- 
and right-parts formally for mathematical interests. For simplicity we concentrate on the 
h^s = sector. Then formal massless sectors are classified according to the representation 
of the gauge symmetry Gq = S0(8) in the right-part. We show them in table |l^ 



S0(8) 


/iSO(8) 






Ising 


bas (1) 





1 


(1/2,1/2) 


e 


vec (8vec) 


1/2 


1/2 


(0, 1/2) 


1 


spi (Sspi) 


1/2 


1/2 


(1/16,7/16) 


a 


cos (8cos) 


1/2 


1/2 


(1/16,7/16) 


a 



Table 10: Right-moving part for Spin{7) case and its classification by 5*0(8). 

The bas, vec, spi, cos express respectively trivial, vector, spinor, cospinor representa- 
tions of SO (8) and "Ising" means scaling operators of the Ising model. The weights h^'^'s 
are decomposed into sums of pairs of (/i^^'"^, h"^). States here are collected into multiplets 
with representations 9 and 16 of an enhanced gauge symmetry G = SO (9) 



S0(9) D S0(8) 



9 



'-bas 



8 vec ) ISgpi 8spi -|- 



The 9vec and 16spi represent transformation properties of matter contents under the S0(9) 
and express respectively the vector and spinor representations of SO (9). 

On the other side the left-part always has weights h^p^'^i'^) = 1/2 aiid states are clas- 



sified in terms of the chiral internal part in table [Tl|: 

By gluing left- and right-parts together we can write down non-chiral states in the 
table in 

These states are = 1 SO (9) gauge multiplets and transform as representations 9 
(vector) and 16 (spinor). The number of these multiplet is evaluated by comparing the 
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h 


1/2 1 


NS 
R 




0,0) 11/16,7/16) |l/2,l/2) 
|0, 1/2), |l/2,0), 11/16,7/16) 



Table 11: Classification of chiral ground states for Spin{7) case. 



states 


S0(8) 


S0(9) 


jjmultiplet 


{h, h) 


((-l)^(-l)^) 


(0, jq)ns 


1 
8 


9 


h = h 


ad) 
dd) 


( + ,-) 
( + ,-) 




8 + 8 


16 


l + b2 + b^ 


f- -) 


(-,-) 


(0, Jq)r 


1 
8 


9 


h = h 


ad) 

V2' 2/ 


(+,-) 
(+,-) 


(I 7 ) ( 1 7 ) 


8 + 8 


16 


1 + ?)2 + K 


dd) 


(-.-) 


(0, 1)ns 


1 

8 


9 


be + bi 


da) 
da) 


(+,+) 
( + ,+) 




8 + 8 


16 


bs = &5 


da) 


(-,+) 


|)Afs(0, 

(o,|)«(o,|)^? 


1 
8 


9 


be + bi 


V2' 2/ 
V2' 2/ 


( + ,+) 
( + ,+) 




8 + 8 


16 


bs = &5 


f- -) 

V2' 2/ 


(-,+) 



Table 12: spectra {d = 2 heterotic theory on Spin{7) manifold) 
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states in Eg. It is related with the Betti numbers of Spin{7) manifold and they are 
evaluated in our orbifold model as 

bo = bs = l, 61 = 67 = , 

62 = fee = 12 , &3 = &5 = 16 , 64 = 150 , 

bi = 107 , 64 = 43 . 

By using these data, we can calculate multiphcities of the SO (9) matters 

{multiplicity of 9} = 63 = 65 = 16 , 
{multiplicity of 9} = 65 + &| = 119 , 
{multiplicity of 16} = 63 = 65 = 16 , 
{multiplicity of 16} = 1 + 62 + ^4 = 56 . 

In particular the multiplet of representation 16 has multiplicity 1 + 62 + ^4^ — 56. It 
coincides with the dimension of the string moduli space J^cft- 

6 Conclusions and Discussions 

In this paper, we investigated heterotic strings on the exceptional holonomy manifolds by 
making use of the CFT techniques and found a cascade of special holonomy manifolds 
with different dimensions. In order to analyze these phenomena, we used standard CFT 
techniques of branching rules for characters. 

We study partition functions of Eg x Eg heterotic strings compactified on these man- 
ifolds and find that gauge symmetry enhancements are correlated with reductions of 
holonomies of the internal manifolds. 

Gauge symmetry parts are exceptional groups Eq, F/^ respectively for CY3 and G2 
theories and the Spin{7) theory has an S0(9) gauge symmetry in 2 dim spacetime. 

The criticality condition on the left-moving side of this superstring is equivalent to a 

relation d + D = 10 for dimensions d, D of spacetime and internal parts. In addition there 

are conditions for central charges cq, Choi, Cgpec in the gauge sector on the right-moving 

side cg + Choi = 8, D = 2{choi + Cgpec)- The cg, Choi correspond to (enhanced) gauge group 

G, holonomy group Ghoi and the central charge Cspec is associated with a CFT of a spectral 

flow operator. They also give us information on division of Eg into the holonomy group 

Ghoi and (enhanced) gauge group G. 

The essential part of our mechanism originates in two equations about characters 
^Es ^ ^so{8) ^^so(8)^ ^so(8)/su{3) ^ ^ising ^ ^Tri ^ ^3-Potts ^ ^so{2) ^ ^1/(1) _ By multiplying 
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each character of x^^'"^ x x one after another to the SO (8) part, we can 

obtain characters of visible enhanced gauge symmetries S0(9), F4, Eq. At the same 
time holonomy parts are reduced to Spin{7), G2, su(3) and associated manifolds could be 
changed. The first is the Spin{7) holonomy case. The holonomy SO (8) part is decomposed 
into Spin{7) in terms of Ising model because of an equation x^*^^^^ = x^^^^^"^"^ x X^^'"^- 
The second is a reduction from the Spin{7) to G2 holonomy by throwing away degrees 
of freedom of the tricritical Ising model. It can be explained by an equation ^^^P^^i'^) = 

^ ■ This statistical model with c = 7/10 acts on the gauge part of S0(9) and lifting 
it to the new symmetry F4 through an equation x x^^ = X^^- The last comes from 

a relation x'^^ = x^^''^^ ^ ^^s-Potts including 3-state Potts model. It explains a reduction 
of holonomy from G2 to su(3), that is, a relation of G2 manifolds and Calabi-Yau 3-folds. 
It also changes gauge symmetries in spacetimes from F4 to Eq because we have a relation 

X ^3-Potts ^ By noticing the relation ;^so(8)/su(3) ^ ^ising ^ ^Tri ^ ;^3-Potts^ 

can understand the associated CFT has an afhne U{1) symmetry needed to enhance the 
worldsheet = 1 CFT algebra to = 2 conformal algebra of CY^. It can be explained 
by an identity x^^'"^ x x"^' x T^3-Potts ^ t^so(2) ^ x^^^''- At the level of balance of central 
charges, this equation means relations c=| + ^ + | = 2 = l + l. 

This U{1) serves as an R-symmetry of the N — 2 theory and is used to construct 
U{1) current of the N — 2 algebra. Also a spectral flow operator of the N — 2 CFT 
has conformal dimension 3/8 and is constructed by combining scaling operators of three 
statistical models. It is reahzed as a combination of states with (/i^^'"^, /i"^', /i^-Potts^ _ 
(1/16,7/16,0), (1/16,3/80,2/5). This operator belongs to a sector with a U{1) charge 
Q — 3/2. It imphes that the state is related with a 3- form of the CY3. Also the total 
weight of these states turns out to be 1/2 and we can obtain a spin operator E with 
h — 3/8(= 1/2 — 1/8) of the su(3) holonomy model by subtracting contributions of a spin 
operator of SO (2) with weight 1/8. This operator E is nothing but a holomorphic 3- form 
of the GY3 and confirms the validity of our discussions. 

By using this operator S and combining the 4dim spacetime spin operator Sa to- 
gether with contribution of ghost part, we can construct a spacetime supercharge Qa = 
J e~5<^S'aS. It guarantees spacetime Af = 1 supersymmetry. 

It is amazing that we can realize N = 2 CFT associated with CY^ starting from SO (8) 
theory by using three statistical models in 2 dimension. We will make several comments 
about these models here:The Ising model appears as the first entry (that is, with the 
lowest central charge) of minimal unitary models with A^ = 0. The tricritical Ising is a 
second model (with the lowest c but one) in the A^ = minimal series. But it is also a 
model in the A^ = 1 unitary minimal model with the lowest central charge. Furthermore 
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the 3-state Potts model is the third model in the N — minimal series but it is the first 
model in a series of the W3 algebra. It is a challenging task to analyze more precisely 
these structures. Particularly it is known that extended N = 2 algebras of Cls's have 
W^-like symmetries, so-called c = 9 algebras. These structures with higher spin currents 
might be related with the algebra of the 3-state Potts model. 

In our heterotic theory, the left-part has worldsheet = 1 supersymmetry. This 
left-sector is composed of the internal manifold and transverse Lorentz group SO{d — 2). 
Owing to the supersymmetry the left-part of the toroidal partition function vanishes 
by using identities about thcta functions. We propose an identity that guarantees this 
symmetry in the context of CFTs for these minimal models (Ising, tricritical Ising, 3- 
statc Potts). This left-part has the Lorentz group SO{d — 2) and it contains information 
about spacetime dimension d. By changing holonomy groups there appear identities for 
characters associated with internal manifolds. They are some kinds of theta identities 
and could explain the dimension d through some balance with the S0(o? — 2) part. 

We would like to emphasize that our results are obtained under the completely general 
backgrounds. Especially it is remarkable that the forms of characters of statistical models 
are perfectly fitted to the holonomy parts of the manifolds in the gauge sector of the 
partition functions. Moreover identities in the worldsheet susy part are related with 
transverse Lorentz groups SO{d — 2) combined with characters of CFTs for these special 
manifolds. 

In section 5, we take concrete examples reahzed as orbifolds discussed by Joyce. We 
construct toroidal partition functions of heterotic strings compactified on these excep- 
tional manifolds. We analyzed properties under modular transformations and studied 
consistencies of the strings on the orbifolds. Also we elaborate the spectra of massless 
sector of these models. For the G2 case the matter parts are classified by representa- 
tions of the gauge group F4 and they are collected into 3 dim N — 1 multiplets of an 
F4 gauge (supergravity) theory. The fundamental multiplets with 26-representation of 
F4 are related with the (string) moduli space AicFT of the internal G2 manifold and its 
multiplicity is evaluated by a combination of topological numbers ^2 + ^3 = 55. 

In the case of the Spin{7) manifold, the matter parts transform as 9- and 16-rcpresentations 
under the enhanced gauge symmetry SO (9). The associated fields of massless sectors are 
collected into 2 dim = 1 multiplets of an SO (9) gauge (supergravity) theory The 
multiplets with spinor 16-representation of SO (9) correspond to cohomology elements of 
the (string) moduli space Mcft of the Spin{7) manifold. Its multiplicity is calculated 
by using topological numbers as 1-1-62 + ^4 =56. 
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A Theta functions 

We will review some properties of theta functions. The theta function is defined as 

neZ 

The Jacobi's triple product identity is expressed in the following formula 

oo 

e{u\r) = JJ(1 - 0(1 + + z-^""-^) , q = e^""'^ , z = e''^^" . 

n=l 

This function has periodicity 1 and its modular properties are summarized as 

e{u + l|r) = 9{u\t) , 9{u + r|r) = e-^^'^-^'^'^eiulr) , 

0{iy\T + 1) = e{iy + V) , e{iy/T\ - l/r) = (-iT)^/^e'^^'^^(i/|T) . 

Generalized theta functions are defined as 

6[l]{iy\T) = ^exp [m{n + afr + 27ri{n + a){iy + b)] 

neZ 

= exp [nia^T + 27ria(i/ + b)] 9{v + or + 6, r) . 
Ordinary Jacobi's theta functions are defined by using the generalized theta function 

neZ neZ 
nez neZ 
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These theta functions are also expressed as infinite products 

oo 

n=l 
oo 

n=l 

oo 

^2(z^|r) = 2e^^cos7ri/]^(l - + zq''){l + z-'^q'') , 

n=l 

oo 

^i(i/|r) = -2e^"sin7ri/]^(l-g")(l-^g")(l-;2'^g")- 

n=l 

The Dedekind eta function is frequently used 

oo 

V(r)^q^*l[{l-q^). 

n=l 

The modular properties of these functions are important and shown in the following 
equations 



9,{iy\T + l) 




(z/|r H 








e2{iy\r + l) 


= e^92{u\T) , 




\r + l) = eJ9i( 




^(r + 1) = 


T T 




r), 


oA-) = 

r r 


i-ir) 




T T 




r), 


T T 


{-it) 















We also use the classical SU(2) theta function defined as 

We sometimes abbreviate arguments of theta functions: For example, 9^ — 9^{t) means 
9^{y^Q\T). 

B CFT and characters 
B.l Minimal models 

The unitary minimal models are labeled by an integer m (m = 3, 4, 5, . . . ). Its central 
charge is given by a formula 

c = 1 7— — TT- 

m[m + Ij 
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The Verma modules of each minimal model is classified by integers r, s in the regions 



r — 1,2, ... ,171 — 1, s — 1,2, ... ,171, with ms < (m + l)r. 

The conformal dimension of the primary field is specified by the set (r, s) and is evaluated 
as 

^ {(m + l)r — ms}^ — 1 
''''' i.m{m + 1) 

The characters of these minimal models can be expressed for the primary field labelled 
by (r, s) 

Xr,s^ rq(^q-'^ '[®(m+l)r— ms,m(m+l) (''') ®(m+l)r+ms,m(m+l) (''"))■ ■ 

We use m = 3, 4, 5 minimal models in this paper. The details of properties of these models 
are listed in the following table: 



Ising liioclcl (c = |) 



1 1 

hl,l = 0, /l2,l = /il,2 = — • 



We write the Virasoro characters for this model as X^^'"^- 

• Tricritical Ising model i^—w) 

_7 _1_3 _3 _3 

/ll 1 — (J, ho 1 — , All 2 — 1 "l-l 3 — — 1 "'2 2 — 1 'i.S 1 — — ■ 

1,1 , 2,1 1,2 l,d 1,1 d,l 2 



Tri 



We write the Virasoro characters of this model as xt 

3-state Potts model (c = |) 

2 7 2 1 

hl,l — 0, /l2,l = ^^^3,1 = ^1,3 = ^4,1 = 3, /l2,3 = — ■ 

The notation x^^^°**^ is used for Virasoro characters for this Potts model. But we 
mainly use W3 characters constructed from those of the Potts model 



/--f3-f Otts _ ^^a-Jr-otts I otts otts _ ^ a-Jr-otts , ^ a-Jr-otts 

"-^o — AO + Xa ) — X2/5 + X7/5 ' 

^3-Potts _ . 3-Potts ^3-Potts _ . 3-Potts 

*-^2/3 — X2/3 ) *-^l/15 — Xl/15 

The standard modular invariant partition function of the 3-state Potts model can 
be described by using these W^, characters C'S-Pottsjg 

nr _ |y^3-Potts|2 , |y^3-Potts|2 , o I /^3-Potts 1 2 , o I /^3-Potts 1 2 
^ — l<^0 I + l<^2/5 I +^l<-^2/3 I +^I<^1/15 I ■ 
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group 


center 


bas 


fun 


fun 


su(2) 


1 





1/4 


— 


su(3) 


2 





1/3 


1/3 


G2 


14/5 





2/5 


— 


F4 


26/5 





3/5 


— 


Eq 


6 





2/3 


2/3 


E7 


7 





3/4 




Eg 


8 










group 


center 


bas 


vec 


spi 


cos 


so(2r) 


r 





1/2 


r/8 


r/8 


so(2r + 1) 


r + 1/2 





1/2 


(2r + 1)/16 





Table 13: Properties of level 1 affine Lie algebras. The central charge and conformal 
dimension of each representation is shown here. The symbol "— " means there are no such 
representations. 



B.2 WZW models 

The central charges and the conformal dimensions are summarized for representations of 



level 1 affine Lie algebras in table 113 



Explicit forms of characters used in this paper are written down as follows 



so(2r) 



1 



V J \v 



so{2r) ^ so(2r) 
Aspi Acos 



so(2r+l) 
^bas 



1 re 



2 \r] 



so{2r) 
Avec 



so{2r+l) 
spi 



1 



V2\lJ 



2r + l 
2 



2r + l 
2 



su{2) _ Qq,! 
-^bas ' 



V 



+1^ 

V 



m(2) _ ©1,1 



2r + l ' 
2 



so(2r+l) ^ 1 
Avec 2 



2r + l 
2 



2r+l ' 
2 



SU 
un 



V 



su(3) 
-^bas 



Xbas 



Xfun 



^fun 



Xbas 



Xf 
A tun 



Xbas 



1 



(©0,3©0,1 + ©3,3©l,l) 



2r/6( 


r) 


1 




2r/6( 


r) 


1 




27]^ { 


r) 


1 




2r^7( 


r) 


1 




2r/7( 


r) 


1 




2r/8( 


r) 



{^3(3r) ■ 9^{Tf + e4(3r) ■ O^^rf + e2(3T) • O^irf] , 
^ (3r) ■ d^irf + (3r) ■ ^3(r)^ + e-^^'/^^^ [J/^] (3r) ■ 04(r)^ 

(3r) ■ ^2(r)^ + ep/^ (3r) ■ e,{rf - e-^'/^^^^p (3r) ■ ^4^^} , 
{e,{2T) ■ e^irf + ^^3(2r) • {9,{r)' + 9,{Tf) } , 
{9s{2r) ■ e^irf + ^2(2r) ■ {9;{rf - O^irf) } , 
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The algebra u(l)fc, (A; G Z, A; > 0) also appears. Each module of the u(l)fc is labeled by 
an integer m G Z2fc, and a character of a module m is Qm,k/v- The partition function of 
this CFT is written as 



Z= \'^rn,k/v\' 



This theory describes a single free boson of radius \/2k. We make a remark here: the 
u(l)i is the level 1 su(2) algebra, and u(l)2 represents a level 1 affine so(2) algebra in our 
notation. 
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